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POSITIVITY PRESERVING ALONG A FLOW OVER PROJECTIVE
BUNDLE
XUEYUAN WAN
Abstract. In this paper, we introduce a flow over the projective bundle p : P (E∗) → M ,
which is a natural generalization of both Hermitian-Yang-Mills flow and Ka¨hler-Ricci flow. We
prove that the semipositivity of curvature of the hyperplane line bundle OP (E∗)(1) is preserved
along this flow under the null eigenvector assumption (see Theorem 1.9). As applications, we
prove that the semipositivity is preserved along the this flow if the base manifold M is a curve,
which implies that the Griffiths semipositivity is preserved along the Hermitian-Yang-Mills
flow over a curve. And we also reprove that the nonnegativity of holomorphic bisectional
curvature is preserved under Ka¨hler-Ricci flow.
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Introduction
In the celebrated paper [28], Siu and Yau presented a differential geometric proof of the
famous Frankel conjecture in Ka¨hler geometry, which states that a compact Ka¨hler manifold
Mn with positive holomorphic bisectional curvature must be biholomorphic to a complex pro-
jective space Pn. For a compact Ka¨hler manifold with nonnegative holomorphic bisectional
curvature, Mok [24] proved a generalized Frankel conjecture and obtained a uniformization
theorem, and H. Gu [16] gave a new proof of Mok’s uniformization theorem. They both used
the Ka¨hler-Ricci flow and considered the variation of holomorphic bisectional curvature along
this flow. Especially, the nonnegativity of holomorphic bisectional curvature is preserved under
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Ka¨hler-Ricci flow [24, Proposition 1.1]. Later on, there are many references about studying
and generalizing the Frankel conjecture by using Ka¨hler-Ricci flow, include [7, 8, 17, 27].
In 1979, Mori [25] proved the famous Hartshorne’s conjecture. In case the ground field is
C, a compact complex manifold M was proved to biholomorphic to Pn if its tangent bundle is
ample, which implies the Frankel conjecture. A holomorphic vector bundle E is ample in the
sense of Hartshorne if and only if the hyperplane line bundle OP (E∗)(1) is a positive line bundle
over P (E∗) (see [18, Proposition 3.2]), i.e., there is a positive curvature metric on OP (E∗)(1). If
(E, h) is a Hermitian vector bundle with Griffiths positive curvature (see Definition 1.7), then
E is an ample vector bundle. In [15], Griffiths conjectured its converse also holds, namely E can
admit a Hermitian metric with Griffiths positive curvature if E is ample. Both Mori’s theorem
and Griffiths conjecture will be proved if one can deform the given positive curvature metric to
another “better” metric with positive curvature, for example, the Ka¨hler metric with positive
holomorphic bisectional curvature for Mori’s theorem, and Hermitian metric with Girffiths
positive curvature for Griffiths conjecture. Naturally, one wants to define a certain flow over
the projective bundle P (E∗), such that the positivity of the curvature of OP (E∗)(1) is preserved
under this flow. This is also the motivation for the author to study the positivity preserving
along the flow (0.1) over projective bundle.
Let M be a compact complex manifold of dimension n, and π : E → M be a holomorphic
vector bundle of rank r over M . Let E∗ denote the dual bundle of E, and p : P (E∗) :=
(E∗)o/C∗ → M denote the projective bundle, where (E∗)o denotes the set of all the nonzero
elements in E∗. For any strongly pseudoconvex complex Finsler metric G on E∗ (see Definition
1.1), there exists the following canonical decomposition (see Remark 1.5, (3))
√−1∂∂¯ logG = −Ψ+ ωFS,
which is a curvature form of OP (E∗)(1) and represents the first Chern class 2πc1(OP (E∗)(1)).
Here Ψ is called the Kobayashi curvature (see [12, Definition 1.2]), which is given in (1.4), and
ωFS is a positive (1, 1)-form along each fiber of p : P (E
∗) → M , which is defined in (1.10).
According to this decomposition, Kobayashi [19] gave a characterization of ample vector bundle,
i.e., E is ample if and only if there exists a strongly pseudoconvex complex Finsler metric on
E∗ such that Ψ < 0.
Let ω(G) = p∗ω, where ω =
√−1gαβ¯(G)dzα ∧ dz¯β is a Ka¨hler metric on M depending
smoothly on a Finsler metric G. One can define a Hermitian metric on P (E∗) by
Ω := ω(G) + ωFS.
Let G0 be a strongly pseudoconvex complex Finsler metric on E
∗, we consider the following
flow over the projective bundle P (E∗):

∂
∂t
logG = ∆Ω logG,
ωFS > 0,
G(0) = G0.
(0.1)
Here ∆Ω :=
√−1Λ∂∂¯, Λ is the adjoint operator of Ω ∧ •.
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One can also define a horizontal and real (1, 1)-form T on P (E∗) as follow,
(−√−1)T (u, u) := 〈Rg(u, u),−Ψ〉Ω −
∣∣iu∂VΨ∣∣2Ω(0.2)
for any horizontal vector u = uα δ
δzα
, where 〈Rg(u, u),−Ψ〉Ω := (−Ψ)αδ¯gαβ¯gγδ¯Rgγβ¯στ¯uσu¯τ
and
∣∣iu∂VΨ∣∣2Ω := (logG)ab¯∂aΨαβ¯∂bΨγτ¯uαuγgτ β¯ , Rg denotes the Chern curvature of ω. Now
we assume that T satisfies the the null eigenvector assumption (see Theorem 1.9), namely
(−√−1)T (U,U) ≥ 0 whenever ∂∂¯ logG ≥ 0 and iU (∂∂¯ logG) = 0 for a (1, 0)-type vector U of
TP (E∗). By using the maximum principle for real (1, 1)-forms, we obtain
Theorem 0.1. Let π : (E∗, G0)→M be a holomorphic Finsler vector bundle over the compact
complex manifold M with
√−1∂∂¯ logG0 ≥ 0. If the horizontal (1, 1)-form T satisfies the null
eigenvector assumption, then
√−1∂∂¯ logG(t) ≥ 0 along the flow (0.1) for all t ≥ 0 such that
the solution exists.
In this paper, we will give two applications of Theorem 0.1.
For the first application, we consider the case of curve, i.e. dimM = 1. In this case, any
Hermitian metric on M is Ka¨hler automatically, and one can prove that the (1, 1)-form T
satisfies the null eigenvector assumption. By Theorem 0.1, we obtain
Proposition 0.2. If M is a curve, then the semipositivity of the curvature of OP (E∗)(1) is
preserved along the flow (0.1).
In particular, if G0 = h
ij¯
0 viv¯j comes from a Hermitian metric (h
ij¯
0 ) of E
∗ and
Ω = p∗ω + ωFS(0.3)
for a fixed Hermitian metric ω, by Remark 2.1 (1), (0.1) is equivalent to the following Hermitian-
Yang-Mills flow: 

h−1 · ∂h
∂t
+ ΛRh + (r − 1)I = 0
(hij¯(t)) > 0,
hij¯(0) = (h0)ij¯ .
(0.4)
By Proposition 0.2 and Definition 1.7, we have
Corollary 0.3. If M is a curve, then the Griffiths semipositivity is preserved along the
Hermitian-Yang-Mills flow (0.4).
For the second application, we assume that E = TM and take
ω(G) =
√−1gαβ¯dzα ∧ dz¯β ,
where (gαβ¯) denotes the inverse of the matrix
(
∂2G
∂vα∂v¯β
)
. Let G0 = g
αβ¯
0 vαv¯β be the strongly
pseudoconvex complex Finsler metric on T ∗M induced by the following Ka¨hler metric
ω0 =
√−1(g0)αβ¯dzα ∧ dz¯β .
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Then the flow (0.1) is equivalent to the following Ka¨hler-Ricci flow

∂ω
∂t
+Ric(ω) + (n− 1)ω = 0,
ω > 0,
ω(0) = ω0.
(0.5)
The solution of (0.1) is induced from the Ka¨hler metric ω =
√−1gαβ¯dzα ∧ dz¯β . In this case,
the (1, 1)-form T can also be proved satisfying the null eigenvector assumption (see [3, Page
254, Claim 2.2]). From Theorem 0.1 and Definition 1.7, we can reprove the following Mok’s
proposition, which is contained in [24, Proposition 1.1] (see also [3, Theorem 5.2.10]).
Proposition 0.4 ([24, Proposition 1.1]). If (M,ω0) is a compact Ka¨hler manifold with nonneg-
ative holomorphic bisectional curvature, then the nonnegativity is preserved along the Ka¨hler-
Ricci flow (0.5).
Remark 0.5. By (0.4) and (0.5), the flow (0.1) is a natural generalization of both Hermitian-
Yang-Mills flow and Ka¨hler-Ricci flow. And there are some other flows, which are also the
generalization of the Ka¨hler-Ricci flow. For example, Gill [14] introduced the Chern-Ricci flow
on Hermitian manifolds, and many properties of the flow were established in [30, 31]. Especially,
Yang [35] proved the nonnegativity of the holomorphic bisectional curvature is not necessarily
preserved under the Chern-Ricci flow. In [29], Streets and Tian introduced the Hermitian
curvature flow, proved short time existence for this flow, and derive basic long time blowup
and regularity results. For a particular version of the Hermitian curvature flow, Ustinovskiy
[32] proved the the property of Griffiths positive (nonnegative) Chern curvature is preserved
along this flow.
This article is organized as follows. In Section 1, we shall fix the notation and recall some
basic definitions and facts on complex Finsler vector bundles, Griffiths positive (semipositive),
and maximal principle for real (1, 1)-forms. In Section 2, we will define a flow over projec-
tive bundle P (E∗) and study the positivity along this flow, Theorem 0.1 would be proved in
this section. In Section 3, we will give two applications of Theorem 0.1, and we will prove
Proposition 0.2, Corollary 0.3 and Proposition 0.4.
Acknowledgements. The author would like to thank Professor Kefeng Liu and Professor
Huitao Feng for their guidance over the years, and thank Professor Xiaokui Yang for many
valuable discussions.
1. Preliminaries
In this section, we shall fix the notation and recall some basic definitions and facts on
complex Finsler vector bundles, Griffiths positive (semipositive), and maximal principle for
real (1, 1)-forms. For more details we refer to [2, 4, 9, 10, 12, 13, 15, 19, 21, 23, 33].
1.1. Complex Finsler vector bundle. Let M be a compact complex manifold of dimension
n, and let π : E →M be a holomorphic vector bundle of rank r over M . Let z = (z1, · · · , zn)
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be a local coordinate system in M , and {ei}1≤i≤r be a local holomorphic frame of E. With
respect to the local frame of E, an element of E can be written as
v = viei ∈ E,
where we adopt the summation convention of Einstein. In this way, one gets a local coordinate
system of the complex manifold E:
(z; v) = (z1, · · · , zn; v1, · · · , vr).(1.1)
Definition 1.1 ([19]). A Finsler metric G on the holomorphic vector bundle E is a continuous
function G : E → R satisfying the following conditions:
F1): G is smooth on Eo = E \O, where O denotes the zero section of E;
F2): G(z, v) ≥ 0 for all (z, v) ∈ E with z ∈ M and v ∈ π−1(z), and G(z, v) = 0 if and
only if v = 0;
F3): G(z, λv) = |λ|2G(z, v) for all λ ∈ C.
Moreover, G is called strongly pseudoconvex if
F4): the Levi form
√−1∂∂¯G on Eo is positive-definite along each fiber Ez = π−1(z) for
z ∈M .
Clearly, any Hermitian metric on E is naturally a strongly pseudoconvex complex Finsler
metric on it.
We write
Gi = ∂G/∂v
i, Gj¯ = ∂G/∂v¯
j , Gij¯ = ∂
2G/∂vi∂v¯j ,
Giα = ∂
2G/∂vi∂zα, Gij¯β¯ = ∂
3G/∂vi∂v¯j∂z¯β, etc.,
to denote the differentiation with respect to vi, v¯j (1 ≤ i, j ≤ r), zα, z¯β (1 ≤ α, β ≤ n). In the
following lemma we collect some useful identities related to a Finsler metric G.
Lemma 1.2 ([10, 19]). The following identities hold for any (z, v) ∈ Eo, λ ∈ C:
Gi(z, λv) = λ¯Gi(z, v), Gij¯(z, λv) = Gij¯(z, v) = Gji¯(z, v);
Gi(z, v)v
i = Gj¯(z, v)v¯
j = Gij¯(z, v)v
iv¯j = G(z, v);
Gij(z, v)v
i = Gij¯k(z, v)v
i = Gij¯k¯(z, v)v¯
j = 0.
If G is a strongly pseudoconvex complex Finsler metric on M , then there is a canonical h-v
decomposition of the holomorphic tangent bundle TEo of Eo (see [10, §5] or [12, §1]).
TEo = H⊕ V.
In terms of local coordinates,
H = spanC
{
δ
δzα
=
∂
∂zα
−Gαj¯Gj¯k
∂
∂vk
, 1 ≤ α ≤ n
}
, V = spanC
{
∂
∂vi
, 1 ≤ i ≤ r
}
.
The dual bundle T ∗Eo also has a smooth h-v decomposition T ∗Eo = H∗ ⊕ V∗:
H∗ = spanC{dzα, 1 ≤ α ≤ n}, V∗ = spanC{δvi = dvi +Gj¯iGαj¯dzα, 1 ≤ i ≤ r}.(1.2)
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Moreover, the differential operators
∂V =
∂
∂vi
⊗ δvi, ∂H = δ
δzα
⊗ dzα.(1.3)
are well-defined.
With respect to the h-v decomposition (1.2), the (1, 1)-form
√−1∂∂¯ logG has the follow-
ing decomposition. For readers’ convenience, we give a proof of the following lemma due to
Kobayashi and Aikou (cf. [19, 4]).
Lemma 1.3 ([19, 4]). Let G be a strongly pseudoconvex complex Finsler metric on E. One
has
√−1∂∂¯ logG = −Ψ+ ωV ,
where Ψ is called the Kobayashi curvature (see [12, Definition 1.2]),
Ψ =
√−1Rij¯αβ¯
viv¯j
G
dzα ∧ dz¯β , ωV =
√−1∂
2 logG
∂vi∂v¯j
δvi ∧ δv¯j ,(1.4)
with
Rij¯αβ¯ = −
∂2Gij¯
∂zα∂z¯β
+Gl¯k
∂Gil¯
∂zα
∂Gkj¯
∂z¯β
.
Proof. By (1.2), we have
∂2 logG
∂vi∂v¯j
δvi ∧ δv¯j = ∂
2 logG
∂vi∂v¯j
(dvi +Gαl¯G
l¯idzα) ∧ (dv¯j +Gβ¯kGj¯kdz¯β)
=
∂2 logG
∂vi∂v¯j
dvi ∧ dv¯j + ∂
2 logG
∂vi∂v¯j
Gβ¯kG
j¯kdvi ∧ dz¯β
+
∂2 logG
∂vi∂v¯j
Gαl¯G
l¯idzα ∧ dv¯j + ∂
2 logG
∂vi∂v¯j
Gαl¯G
l¯iGkβ¯G
j¯kdzα ∧ dz¯β .
(1.5)
For the last three terms in the RHS of (1.5), one has from Lemma 1.2
∂2 logG
∂vi∂v¯j
Gβ¯kG
j¯kdvi ∧ dz¯β = GGij¯ −GiGj¯
G2
Gβ¯kG
j¯kdvi ∧ dz¯β = ∂
2 logG
∂vi∂z¯β
dvi ∧ dz¯β,(1.6)
∂2 logG
∂vi∂v¯j
Gαl¯G
l¯idzα ∧ dv¯j = GGij¯ −GiGj¯
G2
Gαl¯G
l¯idzα ∧ dv¯j = ∂
2 logG
∂zα∂v¯j
dzα ∧ dv¯j(1.7)
and
∂2 logG
∂vi∂v¯j
Gαl¯G
l¯iGkβ¯G
j¯kdzα ∧ dz¯β = GGij¯ −GiGj¯
G2
Gαl¯G
l¯iGkβ¯G
j¯kdzα ∧ dz¯β
=
1
G2
(GGl¯kGαl¯Gkβ¯ −GαGβ¯)dzα ∧ dz¯β .
(1.8)
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Submitting (1.6), (1.7) and (1.8) into (1.5), we obtain
∂2 logG
∂vi∂v¯j
δvi ∧ δv¯j = ∂
2 logG
∂vi∂v¯j
dvi ∧ dv¯j + ∂
2 logG
∂vi∂z¯β
dvi ∧ dz¯β
+
∂2 logG
∂zα∂v¯j
dzα ∧ dv¯j + 1
G2
(GGl¯kGαl¯Gkβ¯ −GαGβ¯)dzα ∧ dz¯β
= ∂∂¯ logG+
1
G
(Gl¯kGαl¯Gkβ¯ −Gαβ¯)dzα ∧ dz¯β
= ∂∂¯ logG+ (Gl¯kGαil¯Gkj¯β¯ −Gij¯αβ¯)
viv¯j
G
dzα ∧ dz¯β
= ∂∂¯ logG−√−1Ψ,
which completes the proof.

Let q denote the natural projection
q : Eo → P (E) := Eo/C∗ (z; v) 7→ (z; [v]) := (z1, · · · , zn; [v1, · · · , vn]),
which gives a local coordinate system of P (E) by
(z;w) := (z1, · · · , zn;w1, · · · , wr−1) =
(
z1, · · · , zn; v
1
vk
, · · · , v
k−1
vk
,
vk+1
vk
, · · · , v
n
vk
)
(1.9)
on Uk := {(z, [v]) ∈ P (E), vk 6= 0}.
Denote by ((logG)ab)1≤a,b≤r−1 the inverse of the matrix
(
(logG)ab¯ :=
∂2 logG
∂waw¯b
)
1≤a,b≤r−1
and
set
δwa = dwa + (logG)αb¯(logG)
b¯adzα.
One can define a vertical (1, 1)-form on P (E) by
ωFS :=
√−1∂
2 logG
∂wa∂w¯b
δwa ∧ δw¯b,(1.10)
which is well-defined (see e.g. [13, Section 1]). Moreover,
Lemma 1.4. By the pullback q∗ : A1,1(P (E))→ A1,1(Eo), one has
q∗ωFS = ωV .(1.11)
Proof. We only need to prove (1.11) at one point (z, [v]) ∈ Uk. Without loss of generality, we
assume that k = r. For any point (z, [v]) ∈ Ur, one has from (1.9)
q∗
(
∂
∂vr
)
= −
r−1∑
a=1
va
(vr)2
∂
∂wa
, q∗
(
∂
∂vb
)
=
1
vr
∂
∂wb
, 1 ≤ b ≤ r − 1.(1.12)
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By (1.12), one has
∂2 logG
∂wa∂w¯b
= (∂∂¯ logG)(
∂
∂wa
,
∂
∂w¯b
)
= (∂∂¯ logG)(q∗(vr
∂
∂va
), q∗(v¯r
∂
∂v¯b
))
= q∗(∂∂¯ logG)(vr
∂
∂va
, v¯r
∂
∂v¯b
)
= |vr|2 ∂
2 logG
∂va∂v¯b
.
(1.13)
Similarly,
∂2 logG
∂zα∂w¯b
= v¯r
∂2 logG
∂zα∂v¯b
,
∂2 logG
∂wa∂z¯β
= vr
∂2 logG
∂va∂z¯β
(1.14)
and
∂2 logG
∂va∂v¯r
= − 1|vr|2
v¯b
v¯r
∂2 logG
∂wa∂w¯b
,
∂2 logG
∂vr∂v¯b
= − 1|vr|2
va
vr
∂2 logG
∂wa∂w¯b
,
∂2 logG
∂vr∂v¯r
=
vav¯b
|vr|4
∂2 logG
∂wa∂w¯b
.
(1.15)
By a direct checking, one has
(logG)b¯a =
G
|vr|2
(
−v
a
vr
Gb¯r +Gb¯a +
v¯bva
|vr|2G
r¯r − v¯
b
v¯r
Gr¯a
)
.(1.16)
By (1.14) and (1.16), we have
(logG)aβ¯(logG)
b¯a =
(
1
v¯r
Gb¯i − v¯
b
(v¯r)2
Gr¯i
)
(Giβ¯ −
1
G
Gβ¯Gi) =
1
v¯r
Gb¯iGiβ¯ −
v¯b
(v¯r)2
Gr¯iGiβ¯ .
So
q∗(δw¯b) = q∗(dw¯b + (logG)aβ¯(logG)
b¯adz¯β)
=
1
v¯r
(dv¯b +Gb¯iGiβ¯dz¯
β)− v¯
b
(v¯r)2
(dv¯r +Gr¯iGiβ¯dz¯
β)
=
1
v¯r
δv¯b − v¯
b
(v¯r)2
δv¯r.
(1.17)
From (1.19), (1.15) and (1.17), we obtain
q∗ωFS = q∗
(√−1∂2 logG
∂wa∂w¯b
δwa ∧ δw¯b
)
=
√−1|vr|2 ∂
2 logG
∂va∂v¯b
(
1
vr
δva − v
a
(vr)2
δvr
)(
1
v¯r
δv¯b − v¯
b
(v¯r)2
δv¯r
)
=
√−1∂
2 logG
∂va∂v¯b
(
δva ∧ δv¯b − v¯
b
v¯r
δva ∧ δv¯r − v
a
vr
δvr ∧ δv¯b + v
av¯b
|v¯r|2 δv
r ∧ δv¯r
)
=
√−1
r∑
i,j=1
∂2 logG
∂vi∂v¯j
δvi ∧ δv¯j = ωV .

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Remark 1.5. (1) By (1.12) and (1.16), we get
q∗(
δ
δzα
) = q∗(
∂
∂zα
−Gαl¯Gl¯k
∂
∂vk
)
=
∂
∂zα
− ( 1
vr
Gαl¯ −
va
(vr)2
Gαl¯G
l¯r)
∂
∂wa
=
∂
∂zα
− (logG)αb¯(logG)b¯a
∂
∂wa
.
For convenience, we will identify δ
δzα
with q∗( δδzα ), and denote N
a
α := (logG)αb¯(logG)
b¯a,
so
δ
δzα
=
∂
∂zα
−Naα
∂
∂wa
.(1.18)
(2) For any smooth function f ∈ C∞(P (E)), the vertical Laplacian is defined by
∆V f := (logG)b¯a
∂2
∂wa∂w¯b
f.
By identifying f with q∗f , one has from (1.12) and (1.16)
∆V f = (logG)b¯a
∂2
∂wa∂w¯b
f = GGij¯
∂2
∂vi∂v¯j
f.
(3) Noticing that
√−1
2π ∂∂¯ logG is a (1, 1)-form on P (E), which represents the first Chern
class c1(OP (E)(1)). And Ψ is also a (1, 1)-form on P (E), combining Lemma 1.3 with
Lemma 1.4, one has when restricting to P (E)
√−1∂∂¯ logG = −Ψ+ ωFS.(1.19)
Proposition 1.6. A Finsler metric G is strongly pseudoconvex if and only if ωFS is positive
along each fiber of p : P (E)→M .
Proof. By Definition 1.1, G is strongly pseudoconvex if (Gij¯) is a positive definite matrix, which
gives a inner product 〈·, ·〉 on the vertical subbundle V.
Denote T = vi ∂
∂vi
. If G is strongly pseudoconvex, for any X = Xi ∂
∂vi
, then
(−√−1)ωV (X, X¯) = 1
G2
(GGij¯ −GiGj¯)XiX¯j
=
1
G2
(‖X‖2‖T‖2 − |〈X,T 〉|2) ≥ 0,
the equality holds if and only if X = λT for some constant λ ∈ C. So ωV has r − 1 positive
eigenvalues and one zero eigenvalue. Since ωV (T, T ) = 0 and q∗(T ) = 0, by Lemma 1.4, ωFS is
positive along each fiber of p : P (E)→M .
Conversely, if ωFS is positive along each fiber, then ωV = q
∗ωFS has r−1 positive eigenvalues
and one zero eigenvalue, and ωV (T, T ) = 0. So
Gij¯X
iX¯j =
1
G
|GiXi|2 +G(−
√−1)ωV (X,X) ≥ 0.
Moreover, Gij¯X
iX¯j = 0 if and only if X = λT and GiX
i = 0, if and only if λ = 0. So (Gij¯) is
a positive definite matrix. 
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Let (hij¯) be a Hermitian metric on E with respect to a local holomorphic frame {ei}1≤i≤r.
Definition 1.7 ([15]). The Chern curvature of the metric (hij¯) is called Griffiths positive (resp.
Griffiths semipositive) if
Rij¯αβ¯X
iXjY αY β > 0 (resp. ≥ 0)
for any two nonzero vectors X = Xiei ∈ E and Y = Y α ∂∂zα ∈ TM . Here Rij¯αβ¯ = −
∂2hij¯
∂zα∂z¯β
+
hl¯k
∂hil¯
∂zα
∂hkj¯
∂z¯β
denotes the Chern curvature of (hij¯).
For the case of E = TM , the Hermitian metric (hij¯) is called has positive (nonnegative)
holomorphic bisectional curvature if its Chern curvature is Griffiths positive (semipositive).
The Hermitian metric (hij¯) induces a strongly pseudoconvex complex Finsler metric on E
∗
by
G := hij¯viv¯j .
By Remark 1.5, we have the following decomposition
√−1∂∂¯ logG = −Ψ+ ωFS,
where
−Ψ = −Rij¯
αβ¯
viv¯j
G
√−1dzα ∧ dz¯β = Rkl¯αβ¯
Gl¯iviG
j¯kv¯j
G
√−1dzα ∧ dz¯β .
From Proposition 1.6, ωFS is positive along fibers. So
Proposition 1.8. The Chern curvature of (hij¯) is Griffiths positive (resp. semipositive)if and
only if
√−1∂∂¯ logG is a positive (resp. semipositive) (1, 1)-form on P (E∗).
1.2. Maximum principle for real (1, 1)-forms. In this subsection, we recall the maximum
principle for real (1, 1)-forms. For more details, one can refer to [5, 9, 24, 26]. The following
version maximum principle is same as the tensor maximum principle [9, Theorem 4.6]. For
readers’ convenience, we give a proof here.
Theorem 1.9 ([9, Theorem 4.6]). Let ω(t) =
√−1gαβ¯(t)dzα ∧ dz¯β be a smooth 1-parameter
family of Hermitian metrics on a compact complex manifold M . Let η(t) =
√−1ηαβ¯(t)dzα∧dz¯β
be a real (1, 1)-form satisfying
∂
∂t
η ≥ ∆ω(t)η + σ,
where ∆ω(t) := g
αβ¯∇ ∂
∂zα
∇ ∂
∂z¯β
, ∇ denotes the Chern connection of ω(t), σ(α, ω, t) is a real
(1, 1)-form which is locally Lipschitz in all its arguments and satisfies the null eigenvector
assumption that
(−√−1)σ(V, V )(z, t) = (σαβ¯V αV β)(z, t) ≥ 0
whenever V (z, t) = V α ∂
∂zα
is a null eigenvector of η(t), that is whenever
(ηαβ¯V
α)(z, t) = 0.
If η(0) ≥ 0, then η(t) ≥ 0 for all t ≥ 0 such that the solution exists.
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Proof. Suppose that η > 0 for all 0 ≤ t < t0, and (z0, t0) is a point and time and v = vα ∂∂zα is
a vector such that
ηαβ¯v
α(z0, t0) = 0.(1.20)
Then ηαβ¯W
αW β(z, t) ≥ 0 for all z ∈M t ∈ [0, t0], and tangent vectors W ∈ TzM . By parallel
translation, one can extend v to a vector field V defined in a neighborhood of (z0, t0) such that
V (z0, t0) = v and
∂V
∂t
(z0, t0) = 0, ∇V (z0, t0) = 0.(1.21)
Then at the point (z0, t0), one has
∂
∂t
(ηαβ¯V
αV β) = (
∂
∂t
ηαβ¯)V
αV β ≥ (∆ω(t)ηαβ¯ + σαβ¯)V αV β .
Since ηαβ¯V
αV β(z0, t0) = 0 and ηαβ¯V
αV β(z, t0) = 0 in the neighborhood of z, one has
∆ω(t)(ηαβ¯V
αV β) ≥ 0.
By (1.20) and (1.21), one has at the point (z0, t0)
∆ω(t)(ηαβ¯V
αV β) = (∆ω(t)ηαβ¯)V
αV β + gγδ¯(∇ ∂
∂z¯δ
ηαβ¯)(∇ ∂
∂zγ
V α)V β
+ gγδ¯∇ ∂
∂zγ
(ηαβ¯V
α)∇ ∂
∂z¯δ
V β + ηαβ¯V
α∆ω(t)V β
= (∆ω(t)ηαβ¯)V
αV β.
Combining with the null eigenvector assumption
σαβ¯V
αV β(z0, t0) ≥ 0,
it follows that
∂
∂t
(ηαβ¯V
αV β) ≥ ∆ω(t)(ηαβ¯V αV β) + σαβ¯V αV β ≥ 0
at the point (z0, t0). Hence, if ηαβ¯V
αV β ever becomes zero, it cannot decrease further. So
η(t) ≥ 0 for all t ≥ 0 such that the solution exists. 
2. A flow over projective bundle
2.1. Definition of the flow. Let M be a compact complex manifold of dimension n, let
π : E →M be a holomorphic vector bundle of rank r over M . Let E∗ denote the dual bundle
of E, {ei}ri=1 be a local holomorphic frame of E∗, then
(z, v) = (z1, · · · , zn; v1, · · · , vr)
gives a local coordinate system of the complex manifold E∗, which represents the point viei ∈
E∗. For any strongly pseudoconvex complex Finsler metric G on E∗, by Remark 1.5, we have
the following decomposition
√−1∂∂¯ logG = −Ψ+ ωFS.
By Proposition 1.6, ωFS is positive along each fiber of p : P (E
∗)→M .
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Let
ω(G) =
√−1gαβ¯(G)dzα ∧ dz¯β
be a horizontal (1, 1)-form on P (E∗) depending smoothly on the Finsler metric G, which is
positive on horizontal directions, namely (gαβ¯(G)) is a positive definite matrix.
Then one can define a Hermitian metric on P (E∗) by
Ω := ω(G) + ωFS.
Let G0 be a strongly pseudoconvex complex Finsler metric on E
∗, we consider the following
flow: 

∂
∂t
logG = ∆Ω logG,
ωFS > 0,
G(0) = G0.
(2.1)
Here ∆Ω :=
√−1Λ∂∂¯, Λ is the adjoint operator of Ω ∧ •.
Since
∆Ω logG = Λ
√−1∂∂¯ logG = Λω(G)(−Ψ) + (r − 1)(2.2)
is a smooth function on P (E∗), so along the flow
G(t) = e
∫ t
0
∆Ω logGdtG0, ωFS > 0.
By Definition 1.1, one see that G(t) is always a strongly pseudoconvex complex Finsler metric
on E∗.
Remark 2.1. (1) For the case
ω(G) =
√−1gαβ¯dzα ∧ dz¯β
is a fixed Ka¨hler metric on M , and G0 = h
ij¯
0 viv¯j comes from a Hermitian metric (h
ij¯
0 )
of E∗, then
0 =
∂
∂t
logG−∆Ω logG
=
1
G
∂G
∂t
+ ΛωΨ− (r − 1)
=
vivj
G
(
∂hij¯(t)
∂t
+ gαβ¯Rij¯
αβ¯
− (r − 1)hj¯i(t)
)
,
(2.3)
where hij¯(t) := ∂
2G(t)
∂vi∂v¯j
. From above equation, one has
∂hij¯(t)
∂t
+ gαβ¯
∂2
∂vi∂v¯j
(Rij¯
αβ¯
viv¯j)− (r − 1)hj¯i(t) = 0.
Since hij¯(0) = hij¯0 is a Hermitian metric, which is independent of the vertical coordinates
{vi, 1 ≤ i ≤ r}, so hij¯(t) is also a Hermitian metric. In fact, by induction, we assume
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that (∂
khij¯
∂tk
)|t=0 is independent of fibers, then
∂k+1hij¯(t)
∂tk+1
|t=0 = ∂
k
∂tk
(
−gαβ¯ ∂
2
∂vi∂v¯j
(Rij¯
αβ¯
viv¯j) + (r − 1)hj¯i(t)
)
|t=0
= −gαβ¯ ∂
2
∂vi∂v¯j
(
(
∂k
∂tk
Rij¯
αβ¯
)|t=0viv¯j
)
+ (r − 1)( ∂
k
∂tk
hj¯i)|t=0
= −gαβ¯( ∂
k
∂tk
Rij¯
αβ¯
)|t=0 + (r − 1)( ∂
k
∂tk
hj¯i)|t=0,
which is also independent of fibers, because ∂
k
∂tk
Rij¯
αβ¯
is the combination by hj¯i and
∂l
∂tl
hj¯i, 1 ≤ l ≤ k. It follows that
hj¯i(t) = hj¯i(0) +
∂hij¯(t)
∂t
|t=0t+ · · · + ∂
khij¯(t)
∂tk
|t=0tk + · · ·
is independent of fibers for small t. By Proposition 1.6 and ωFS > 0, h
j¯i(t) is a positive
definite matrix, so (hj¯i(t)) is a Hermitian metric on E∗.
Therefore, (2.3) is equivalent to
∂hij¯(t)
∂t
+ gαβ¯Rij¯
αβ¯
− (r − 1)hj¯i(t) = 0.(2.4)
Multiplying by hkj¯ to both sides of (2.4), one has
h−1 · ∂h
∂t
+ ΛR+ (r − 1)I := hj¯i∂hkj¯
∂t
+ gαβ¯Ri
kαβ¯
+ (r − 1)δik = 0,
which is exactly the Hermitian-Yang-Mills flow [1, 11] (see also [20]).
(2) For the case of E = TM . Let
ω(G) =
√−1gαβ¯dzα ∧ dz¯β ,
where (gαβ¯) denotes the inverse of the matrix
(
∂2G
∂vα∂v¯β
)
. LetG0 = g
αβ¯
0 vαv¯β be a strongly
pseudoconvex complex Finsler metric on T ∗M induced by the Hermitian metric
ω0 =
√−1(g0)αβ¯dzα ∧ dz¯β .
Similar to the above case, the flow (2.1) is equivalent to
∂gγδ¯
∂t
+ gαβ¯Rγδ¯αβ¯ + (r − 1)gγδ¯ = 0,(2.5)
which is exactly the equation given by [22, (7.11)]. By [22, Theorem 7.1] (or [22, Remark
7.2]), if the initial metric ω0 is a Ka¨hler metric, then this flow is reduced to the usual
Kh¨ler-Ricci flow (see [6]).
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2.2. Positivity preserving along the flow. In this subsection, we shall discuss the posi-
tivity preserving along the flow (2.1). We assume that the initial metric G(0) = G0 satisfies√−1∂∂¯ logG0 ≥ 0.
Let ǫ > 0 small enough such that
Ωǫ = ω(G) + ǫ
√−1∂∂¯ logG = √−1(gαβ¯ − ǫΨαβ¯)dzα ∧ dz¯β + ǫ
√−1∂
2 logG
∂wa∂w¯b
δwa ∧ δw¯b(2.6)
is a Hermitian metric on P (E∗), where Ψαβ¯ is given by Ψ =
√−1Ψαβ¯dzα ∧ dz¯β . Denote by ∇ǫ
the Chern connection of the Hermitian metric Ωǫ, which is the unique connection preserving
the holomorphic structure and the metric Ωǫ. For any two (1, 0)-type vector fields X,Y of
P (E∗), then
∇ǫXY = 〈∇ǫXY,
δ
δzβ
〉ǫgβ¯αǫ
δ
δzα
+ 〈∇ǫXY,
∂
∂wb
〉ǫ 1
ǫ
(logG)b¯a
∂
∂wa
= X〈Y, δ
δzβ
〉ǫgβ¯αǫ
δ
δzα
− 〈Y,X( δ
δzβ
)〉ǫgβ¯αǫ
δ
δzα
+X〈Y V , ∂
∂wb
〉ǫ 1
ǫ
(logG)b¯a
∂
∂wa
= X〈Y, δ
δzβ
〉ǫgβ¯αǫ
δ
δzα
+ 〈Y V ,X(N bβ)
∂
∂wb
〉ǫgβ¯αǫ
δ
δzα
+X〈Y V , ∂
∂wb
〉ǫ 1
ǫ
(logG)b¯a
∂
∂wa
,
(2.7)
where Y V denotes the vertical part of Y , (gβ¯α)ǫ denotes the inverse of gǫαβ¯ := gαβ¯ − ǫΨαβ¯,
〈·, ·〉ǫ is the inner product defined by Ωǫ.
Denote by ZA the coordinates zα or wa, 1 ≤ A ≤ n+ r − 1. We rewrite Ωǫ as the following
form:
Ωǫ =
√−1ΩǫAB¯dZA ∧ dZ¯B.(2.8)
In this form, the Chern connection is given by
∇ǫ ∂
∂ZA
∂
∂ZB
= ΓCAB
∂
∂ZC
, ΓCAB =
∂ΩǫBD¯
∂ZA
ΩD¯Cǫ .(2.9)
Here (ΩD¯Cǫ ) denotes the inverse of the matrix (ΩǫCD¯). The Chern curvature tensor of Ωǫ is
defined by
Rǫ
AB¯CD¯
:= R(
∂
∂ZA
,
∂
∂Z¯B
,
∂
∂ZC
,
∂
∂Z¯D
)
:= 〈 ∂
∂ZA
, (∇ǫ ∂
∂ZD
∇ǫ ∂
∂Z¯C
−∇ǫ ∂
∂Z¯C
∇ǫ ∂
∂ZD
−∇ǫ
[ ∂
∂ZD
, ∂
∂Z¯C
]
)
∂
∂ZB
〉ǫ
= −ΩǫAE¯
∂ΓEDB
∂ZC
.
(2.10)
The Chern connection ∇ǫ induces a natural connection on the cotangent bundle T ∗P (E∗) (
resp. T ∗P (E∗) ) by
∇ǫA(fCdZC) = (∂AfC − ΓBACfB)dZC , (resp. ∇ǫB¯(fD¯dZ¯D) = (∂B¯fD¯ − ΓEBDfE¯)dZC)(2.11)
for any smooth (1, 0)-form fCdZ
C (resp. (0, 1)-form fD¯dZ¯
D), where ∇ǫA := ∇ǫ ∂
∂ZA
. For conve-
nience, we denote
∇ǫAfC := ∂AfC − ΓBACfB, ∇ǫB¯fD¯ := ∂B¯fD¯ − ΓEBDfE¯(2.12)
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and
(∇ǫAfCD¯)dZC ∧ dZ¯D := ∇ǫ ∂
∂ZA
(fCD¯dZ
C ∧ dZ¯D), ∇ǫAfCD¯ = ∂AfCD¯ − ΓBACfBD¯.(2.13)
By above notations, we have
∇ǫAΩǫCD¯ = ∂AΩǫCD¯ − ΓBACΩǫBD¯ = 0.(2.14)
By taking ∂∂¯ to the both sides of the first equation of (2.1), one has
∂
∂t
∂∂¯ logG = ∂∂¯∆Ω logG = ∂∂¯(trω(G)(−Ψ)),(2.15)
where the last equality follows from (2.2). Since limǫ→0(ω(G) − ǫΨ) = ω(G), so
∂
∂t
∂∂¯ logG = lim
ǫ→0
∂∂¯(trω(G)−ǫΨ(−Ψ))
= lim
ǫ→0
∂∂¯∆Ωǫ logG
= lim
ǫ→0
∂C∂D¯(Ω
AB¯
ǫ ∂A∂B¯ logG)dZ
C ∧ dZ¯D.
(2.16)
Denote f := logG and
fAB¯ := ∂A∂B¯f, fAB¯C := ∂A∂B¯∂Cf, fAB¯CD¯ := ∂A∂B¯∂C∂D¯f, etc..
By (2.13) and (2.14), one has
∂C∂D¯(Ω
AB¯
ǫ ∂A∂B¯ logG) = ∂C∂D¯(Ω
AB¯
ǫ fAB¯) = ∇ǫC∇ǫD¯(ΩABǫ fAB¯)
= ΩAB¯ǫ ∇ǫC∇ǫD¯fAB¯
= ΩAB¯ǫ ∇ǫC(fAB¯D¯ − ΓEDBfAE¯)
= ΩAB¯ǫ (fAB¯CD¯ − ΓFCAfFB¯D¯ − ∂CΓEDBfAE
− ΓEDB(fACE¯ − ΓFCAfFE¯)).
(2.17)
Similarly,
ΩAB¯ǫ (∇ǫA∇ǫB¯fCD¯)
= ΩAB¯ǫ (fAB¯CD¯ − ΓFACfFB¯D¯ − ∂AΓEBDfCE − ΓEBD(fACE¯ − ΓFACfFE¯)).
(2.18)
Combining (2.17) with (2.18), we obtain
∂C∂D¯(Ω
AB¯
ǫ fAB¯)− ΩAB¯ǫ (∇ǫA∇ǫB¯fCD¯)
= ΩAB¯ǫ (Γ
F
AC − ΓFCA)fFD¯B¯ +ΩAB¯ǫ (ΓEBD − ΓEDB)fACE¯ +ΩAB¯ǫ (ΓEDBΓFCA − ΓEBDΓFAC)fFE¯
+ΩAB¯ǫ ∂AΓ
E
BDfCE¯ −ΩAB¯ǫ ∂CΓEDBfAE¯
= ΩAB¯ǫ (Γ
F
AC − ΓFCA)∇D¯fFB¯ +ΩAB¯ǫ (ΓEBD − ΓEDB)∇AfCE¯
−ΩAB¯ǫ ΩFE¯ǫ RFD¯AB¯fCE¯ +ΩAB¯ǫ ΩFE¯ǫ RǫF B¯CD¯fAE¯.
(2.19)
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Substituting (2.19) into (2.16), we have
∂
∂t
∂∂¯ logG = lim
ǫ→0
(
ΩAB¯ǫ ∇ǫA∇ǫB¯(∂∂¯ logG)
+
(
ΩAB¯ǫ (Γ
F
AC − ΓFCA)∇D¯fFB¯ +ΩAB¯ǫ (ΓEBD − ΓEDB)∇AfCE¯
−ΩAB¯ǫ ΩFE¯ǫ RFD¯AB¯fCE¯ +ΩAB¯ǫ ΩFE¯ǫ RǫF B¯CD¯fAE¯
)
dZC ∧ dZ¯D
)
.
(2.20)
As in the proof of Theorem 1.9, we assume that
√−1∂∂¯ logG ≥ 0 for all 0 ≤ t < t0, and
(z0, [v0], t0) is a point and time and u = u
A ∂
∂ZA
is a vector such that
fCD¯u
C(z0, [v0], t0) = (∂C∂D¯ logG)u
C(z0, [v0], t0) = 0(2.21)
and
(∂∂¯ logG(W,W ))(z, [v], t) = (∂C∂D¯ logG)W
CWD(z, [v], t) ≥ 0(2.22)
for all (z, [v]) ∈ P (E∗), t ∈ [0, t0], and tangent vectors W ∈ T(z,[v])P (E∗). This implies that
u = uα
δ
δzα
∈ q∗H.(2.23)
Indeed, one may assume that u = u1 + u2, where u1 = u
α δ
δzα
, u2 = u
a ∂
∂wa
are the horizontal
and vertical parts of u respectively. By (1.19) and ωFS > 0, one has
0 = (
√−1∂∂¯ logG)(u, u¯)
= (
√−1∂∂¯ logG)(u1 + u2, u1 + u2)
= (
√−1∂∂¯ logG)(u1, u1) + ωFS(u2, u2)
≥ ωFS(u2, u2) ≥ 0,
(2.24)
and all equalities hold if and only if u2 = 0, namely u = u1. From Lemma 1.3 and (2.23),
(2.21) is equivalent to
(iuΨ)(z0, [v0], t0) = 0.(2.25)
For any ǫ > 0, by parallel translation, one can extend u to a vector field Uǫ = U
A
ǫ
∂
∂ZA
defined
in a neighborhood of (z0, [v0], t0) such that Uǫ(z0, [v0], t0) = u and
∂Uǫ
∂t
(z0, [v0], t0) = 0, (∇ǫUǫ)(z0, [v0], t0) = 0.(2.26)
This can be done by parallel translating u along radial rays with respect to the connection ∇ǫ,
and then by extending to be independent of time t.
We assume that
Uǫ(z, [v], t0) = U
α
ǫ
δ
δzα
+ Uaǫ
∂
∂wa
.
By (2.7), one has
∇ǫUǫ = ∂¯Uǫ +
(
∂(Uαǫ gǫαβ¯) + U
a
ǫ ∂(N
b
β)ǫ(logG)ab¯
)
gβ¯γǫ
δ
δzγ
+ ∂(Uaǫ (logG)ab¯)(logG)
b¯c ∂
∂wc
.
(2.27)
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So the second equation of (2.26) is equivalent to

∂¯Uαǫ = 0,
∂¯(−Uαǫ Naα + Uaǫ ) = 0,
∂(Uαǫ gǫαβ¯) + U
a
ǫ ∂(N
b
β)ǫ(logG)ab¯ = 0,
∂(Uaǫ (logG)ab¯)(logG)
b¯c = 0,
(2.28)
at the point (z0, [v0], t0). By (2.23), U
a
ǫ = 0 at the point (z0, [v0], t0), so (2.28) is equivalent to

∂¯Uαǫ = 0,
∂¯Uaǫ = u
α∂¯Naα,
∂Uαǫ + g
β¯α
ǫ ∂gǫγβ¯u
γ = 0,
∂Uaǫ = 0.
(2.29)
Since limǫ→0 gǫαβ¯ = gαβ¯, so limǫ→0Uǫ = U which satisfies the following equations:

∂¯Uα = 0,
∂¯Ua = uα∂¯Naα,
∂Uα + gβ¯α∂gγβ¯u
γ = 0,
∂Ua = 0
(2.30)
and ∂U
∂t
= 0 at the point (z0, [v0], t0). By (2.20), (2.21) and (2.26), one has at the point
(z0, [v0], t0),
∂
∂t
(
∂∂¯ logG(U,U )
)
= lim
ǫ→0
(
ΩAB¯ǫ ∇ǫA∇ǫB¯(∂∂¯ logG)(u, u)
+
(
ΩAB¯ǫ (Γ
F
AC − ΓFCA)∇D¯fFB¯ +ΩAB¯ǫ (ΓEBD − ΓEDB)∇AfCE¯
−ΩAB¯ǫ ΩFE¯ǫ RFD¯AB¯fCE¯ +ΩAB¯ǫ ΩFE¯ǫ RǫF B¯CD¯fAE¯
)
uC u¯D
)
= lim
ǫ→0
(
ΩAB¯ǫ ∂A∂B¯(∂∂¯ logG(Uǫ, U ǫ))
+
(
ΩAB¯ǫ (Γ
F
AC − ΓFCA)∇D¯fFB¯ +ΩAB¯ǫ (ΓEBD − ΓEDB)∇AfCE¯
+ΩAB¯ǫ Ω
FE¯
ǫ R
ǫ
F B¯CD¯
fAE¯
)
uC u¯D
)
.
(2.31)
In order to deal with (2.31), we assume that ω(G) = p∗ω for some Ka¨hler metric ω on M ,
so
Ωǫ = ω(G) + ǫ
√−1∂∂¯ logG(2.32)
is a Ka¨hler metric on P (E∗) for ǫ > 0 small enough. Thus, (2.31) is reduced to
∂
∂t
(
∂∂¯ logG(U,U )
)
= lim
ǫ→0
(
ΩAB¯ǫ ∂A∂B¯(∂∂¯ logG(Uǫ, U ǫ)) + Ω
AB¯
ǫ Ω
FE¯
ǫ R
ǫ
F B¯CD¯
fAE¯u
C u¯D
)
.
(2.33)
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For the first term in the RHS of (2.33), we have
ΩAB¯ǫ ∂A∂B¯(∂∂¯ logG(Uǫ, U ǫ)) =
√−1Λ∂∂¯(∂∂¯ logG(Uǫ, U ǫ))
= ∆HΩǫ(∂∂¯ logG(Uǫ, U ǫ)) + ∆
V
Ωǫ(∂∂¯ logG(Uǫ, U ǫ)).
(2.34)
Here ∆VΩǫ =
1
ǫ
(logG)b¯a ∂
2
∂wa∂w¯b
is the vertical Laplacian (see Remark 1.5), while the hor-
izontal Laplacian ∆HΩǫ is defined by ∆
H
Ωǫ
ϕ = gαβ¯ǫ (∂∂¯ϕ)(
δ
δzα
, δ
δz¯β
) for any smooth function
ϕ ∈ C∞(P (E∗)). Since limǫ→o gǫαβ¯ = gαβ¯ and limǫ→0 Uǫ = U , so
lim
ǫ→0
∆HΩǫ(∂∂¯ logG(Uǫ, U ǫ)) = ∆
H
Ω (∂∂¯ logG(U,U )).(2.35)
By Remark 1.5 (1), one has
∆VΩǫ(∂∂¯ logG(Uǫ, U ǫ)) = ∆
V
Ωǫ(fcd¯U
c
ǫU
d
ǫ ) + ∆
V
Ωǫ((−Ψ)αβ¯Uαǫ U
β
ǫ )
=
1
ǫ
fab¯
∂2
∂wa∂w¯b
(fcd¯U
c
ǫU
d
ǫ ) +
1
ǫ
fab¯
∂2
∂wa∂w¯b
((−Ψ)αβ¯Uαǫ U
β
ǫ ).
(2.36)
For the first term in the RHS of (2.36), by (2.29) and U c = 0 at the point (z0, [v0], t0), we
have
1
ǫ
fab¯
∂2
∂wa∂w¯b
(fcd¯U
c
ǫU
d
ǫ ) =
1
ǫ
fab¯fcd¯∂b¯U
c
ǫ ∂aU
d
ǫ =
1
ǫ
fab¯fcd¯u
αuβ∂b¯N
c
α∂aN
d
β .(2.37)
The following lemma is actually proved in [34, (3.46)]. For readers’ convenience, we give a
proof here.
Lemma 2.2.
f b¯a
∂2
∂wa∂w¯b
(−Ψ)αβ¯ = ∂∂¯ log det(fab¯)(
δ
δzα
,
δ
δz¯β
)− 〈∂¯V δ
δzα
, ∂¯V
δ
δzβ
〉,(2.38)
where ∂¯V δ
δzα
:= ∂
∂w¯d
(−fαb¯f b¯c)δw¯d ⊗ ∂∂wc and 〈∂¯V δδzα , ∂¯V δδzβ 〉 := f b¯a∂b¯N cα∂aN
d
βfcd¯.
Proof. Let (−Ψ)αβ¯ denote the coefficient of −Ψ, i.e. −Ψ =
√−1(−Ψ)αβ¯dzα ∧ dz¯β , then
(−Ψ)αβ¯ = fαβ¯ − fαd¯f d¯cfcβ¯.(2.39)
In fact, by the decomposition (1.19), one has
(−Ψ)αβ¯ = (−
√−1)(−Ψ)( δ
δzα
,
δ
δz¯β
)
= (∂∂¯f)(
∂
∂zα
− fαb¯f b¯a
∂
∂wa
,
∂
∂z¯β
− fβ¯afab¯
∂
∂w¯b
)
= fαβ¯ − fαd¯f d¯cfcβ¯,
which proves (2.40).
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For any fixed point (z, [v]) ∈ P (E∗)|z , z ∈M , we take normal coordinates near (z, [v]) such
that fab¯(z, [v]) = δab, fab¯c(z, [v]) = 0. Evaluating at (z, [v]) we see that
f b¯a
∂2
∂wa∂w¯b
(−Ψ)αβ¯ = f b¯a
∂2
∂wa∂w¯b
(fαβ¯ − fαd¯f d¯cfcβ¯)
= f b¯a
(
fab¯αβ¯ − fαc¯ab¯fcβ¯ − fαc¯fcβ¯ab¯ + fαd¯fab¯dc¯fcβ¯ − fαc¯afcβ¯b¯ − fαc¯b¯fcβ¯a
)
= f b¯a(−∂¯(∂fad¯f d¯c)fcb¯)(
δ
δzα
,
δ
δz¯β
)− f b¯a∂b¯(−fαc¯f c¯d)∂a(−fkβ¯fkl¯)fdl¯
= ∂∂¯ log det(fab¯)(
δ
δzα
,
δ
δz¯β
)− 〈∂¯V δ
δzα
, ∂¯V
δ
δzβ
〉.
which completes the proof. 
By Lemma 2.2 and (2.29), one has
1
ǫ
fab¯
∂2
∂wa∂w¯b
((−Ψ)αβ¯Uαǫ U
β
ǫ )
=
1
ǫ
fab¯
(
∂a∂b¯(−Ψ)αβ¯uαu¯β + ∂a(−Ψ)αβ¯∂b¯U
β
ǫ u
α + ∂b¯(−Ψ)αβ¯∂aUαǫ uβ + ∂aUαǫ ∂bU bǫ (−Ψ)αβ¯
)
=
1
ǫ
∂∂¯ log det(fab¯)(u, u¯)−
1
ǫ
fab¯fcd¯u
αuβ∂b¯N
c
α∂aN
d
β − 2fab¯∂aΨαβ¯∂bΨγτ¯uαuγgτ β¯ +O(ǫ),
(2.40)
where the last equality follows from ∂aU
α
ǫ = −gβ¯αǫ ∂agǫγβ¯uγ = ǫgβ¯αǫ ∂aΨγβ¯uγ = O(ǫ).
Substituting (2.37) and (2.40) into (2.36), we obtain
∆VΩǫ(∂∂¯ logG(Uǫ, U ǫ)) =
1
ǫ
∂∂¯ log det(fab¯)(u, u¯)− 2
∣∣iu∂VΨ∣∣2Ω +O(ǫ).(2.41)
Here we denote
∣∣iu∂VΨ∣∣2Ω := fab¯∂aΨαβ¯∂bΨγτ¯uαuγgτ β¯.
For the second term in the RHS of (2.33), we have
ΩAB¯ǫ Ω
FE¯
ǫ R
ǫ
F B¯CD¯
fAE¯u
C u¯D = (−Ψ)αδ¯gαβ¯ǫ gγδ¯ǫ Rǫγβ¯στ¯uσu¯τ +
1
ǫ2
fab¯Rǫ
ab¯στ¯
uσu¯τ ,(2.42)
where Rǫ
γβ¯στ¯
= Rǫ( δ
δzγ
, δ
δz¯β
, δ
δzσ
δ
δz¯τ
) and Rǫ
ab¯στ¯
= Rǫ( ∂
∂wa
, ∂
∂w¯b
, δ
δzσ
, δ
δz¯τ
). By (2.7) and (2.10),
one has
Rǫ
γβ¯στ¯
= Rǫ(
δ
δzγ
,
δ
δz¯β
,
δ
δzσ
,
δ
δz¯τ
)
= 〈 δ
δzγ
, (∇ǫ δ
δzτ
∇ǫ δ
δz¯σ
−∇ǫ δ
δz¯σ
∇ǫ δ
δzτ
−∇ǫ
[ δ
δzτ
, δ
δz¯σ
]
)
δ
δzβ
〉ǫ
=
(
∂¯(∂gǫγδ¯ · gδ¯αǫ )gǫαβ¯
)
(
δ
δzσ
,
δ
δz¯τ
)− ǫfcd¯
δ
δzσ
N
d
β
δ
δz¯τ
N cγ
= Rg
γβ¯στ¯
+O(ǫ),
(2.43)
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where Rg
γβ¯στ¯
:= − ∂
2gγβ¯
∂zσ∂z¯τ
+ gτ¯α
∂gαβ¯
∂z¯τ
∂gγδ¯
∂zσ
denotes the Chern curvature of the Ka¨hler metric
ω =
√−1gαβ¯dzα ∧ dz¯β. And
1
ǫ2
fab¯Rǫ
ab¯στ¯
uσuτ =
1
ǫ2
fab¯Rǫ(
∂
∂wa
,
∂
∂w¯b
,
δ
δzσ
,
δ
δz¯τ
)uσuτ
=
1
ǫ2
fab¯〈 ∂
∂wa
, (∇ǫ δ
δzτ
∇ǫ δ
δz¯σ
−∇ǫ δ
δz¯σ
∇ǫ δ
δzτ
−∇ǫ
[ δ
δzτ
, δ
δz¯σ
]
)
∂
∂wb
〉ǫuσuτ
=
1
ǫ
fab¯
(
∂¯(∂fad¯ · f d¯c)fcb¯
)
(u, u) +
δ
δzσ
N
b
β
δ
δz¯τ
Naαfab¯g
β¯α
ǫ u
σuτ
= −1
ǫ
∂∂¯ log det(fab¯)(u, u) +
∣∣iu∂VΨ∣∣2Ω +O(ǫ),
(2.44)
where the last equality follows from the following equality:
δ
δz¯γ
Naαfab¯ = (∂γ¯ − fcγ¯f ce¯∂e¯)(fαd¯f d¯a)fab¯
= fab¯γ¯ − fαd¯f d¯afab¯γ¯ − fcγ¯f ce¯fe¯αb¯ + fcγ¯f ce¯fαd¯f d¯afab¯e¯
= ∂b¯(fαγ¯ − fαb¯f b¯afaγ¯)
= ∂b¯(−Ψ)αγ¯ .
Substituting (2.43) and (2.44) into (2.42), we have
ΩAB¯ǫ Ω
FE¯
ǫ R
ǫ
F B¯CD¯
fAE¯u
C u¯D = −1
ǫ
∂∂¯ log det(fab¯)(u, u) +
∣∣iu∂VΨ∣∣2Ω + 〈Rg(u, u),−Ψ〉Ω +O(ǫ).
(2.45)
Here we denote 〈Rg(u, u),−Ψ〉Ω = (−Ψ)αδ¯gαβ¯gγδ¯Rgγβ¯στ¯uσu¯τ .
Substituting (2.35), (2.41) and (2.45) into (2.33), we obtain
∂
∂t
(
∂∂¯ logG(U,U )
)
= ∆HΩ (∂∂¯ logG(U,U )) + 〈Rg(u, u),−Ψ〉Ω −
∣∣iu∂VΨ∣∣2Ω .(2.46)
at the point (z0, [v0], t0).
Now we define a horizontal and real (1, 1)-form T as follow,
(−√−1)T (X,X) := 〈Rg(X,X),−Ψ〉Ω −
∣∣iX∂VΨ∣∣2Ω(2.47)
for any horizontal vector X = Xα δ
δzα
. And we assume that T satisfies the null eigenvector
assumption (see Theorem 1.9), by Theorem 1.9, we obtain
Theorem 2.3. Let π : (E∗, G0) → M be a holomorphic Finsler vector bundle over M with√−1∂∂¯ logG0 ≥ 0. Consider the following flow over the projective bundle p : P (E∗)→M :

∂
∂t
logG = ∆Ω logG,
ωFS > 0,
G(0) = G0,
(2.48)
where Ω = ω(G)+ωFS, ω(G) = p
∗ω, ω is a Ka¨hler metric on M which depends on the Finsler
metric G. If the horizontal (1, 1)-form T satisfies the null eigenvector assumption, then
√−1∂∂¯ logG(t) ≥ 0
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for all t ≥ 0 such that the solution exists.
3. Applications
In this section, we will give two applications of Theorem 2.3.
3.1. The case of curve. In this subsection, we consider the case of dimM = 1, i.e. M is a
curve. In this case, any Hermitian metric
ω =
√−1gdz ∧ dz¯
on M is Ka¨hler automatically. The Gaussian curvature is then given by
K = −1
g
∂2
∂z∂z¯
log g =
1
g
Rg(
∂
∂z
,
∂
∂z¯
,
∂
∂z
,
∂
∂z¯
) =:
1
g
Rzz¯zz¯.(3.1)
Now we assume that
Ω = p∗ω + ωFS,(3.2)
where ω = ω(G) is a metric on M depending smoothly on the Finsler metric G. Then at the
point (z0, [v0], t0), by (2.30), one has
(−√−1)T (u, u) = 〈Rg(u, u),−Ψ〉Ω −
∣∣iu∂VΨ∣∣2Ω
= (−Ψ)zz¯g−2Rgzz¯zz¯|u|2 − fab¯∂aΨzz¯∂bΨzz¯|u|2g−1
=
1
g
K(−Ψ)(u, u)− fab¯ (∂a(Ψ(U,U ))− iuΨ∂aU) ∂bΨzz¯g−1 = 0,
(3.3)
since iuΨ = 0 and (−Ψ)(U,U ) attains its local minimal value at the point (z0, [v0], t0). There-
fore, we prove
Proposition 3.1. If M is a curve, then the semipositivity of the curvature of OP (E∗)(1) is
preserved along the flow (2.48).
In particular, if G0 = h
ij¯
0 viv¯j comes from a Hermitian metric (h
ij¯
0 ) of E
∗ and
Ω = p∗ω + ωFS(3.4)
for a fixed Hermitian metric ω, by Remark 2.1 (1), (2.48) is equivalent to the following
Hermitian-Yang-Mills flow: 

h−1 · ∂h
∂t
+ ΛRh + (r − 1)I = 0
(hij¯(t)) > 0,
hij¯(0) = (h0)ij¯ .
(3.5)
By Proposition 1.8 and Proposition 3.1, we have
Corollary 3.2. If M is a curve, then the Griffiths semipositivity is preserved along the
Hermitian-Yang-Mills flow (3.5).
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3.2. Ka¨hler-Ricci flow. In this section, we assume that E = TM . As the discussion in
Remark 2.1 (2), if we take
ω(G) =
√−1gαβ¯dzα ∧ dz¯β ,
where (gαβ¯) denotes the inverse of the matrix
(
∂2G
∂vα∂v¯β
)
. And G0 = g
αβ¯
0 vαv¯β is a strongly
pseudoconvex complex Finsler metric on T ∗M induced by the following Ka¨hler metric
ω0 =
√−1(g0)αβ¯dzα ∧ dz¯β .
By (2.5), the flow (2.48) is equivalent to the following Ka¨hler-Ricci flow

∂ω
∂t
+Ric(ω) + (n− 1)ω = 0,
ω > 0,
ω(0) = ω0.
(3.6)
The solution of (2.48) is induced from the Ka¨hler metric ω =
√−1gαβ¯dzα ∧ dz¯β . In this case,
〈Rg(u, u),−Ψ〉Ω = (−Ψ)αδ¯gαβ¯gγδ¯Rgγβ¯στ¯uσu¯τ
=
1
G
Rg
µν¯αδ¯
gµσ¯gν¯τvσvτg
αβ¯gγδ¯Rg
γβ¯στ¯
uσu¯τ
=
dimM∑
α,β=1
Rg(V, V , eα, eβ)R
g(eβ , eα, u, u),
(3.7)
where V = 1√
G
gασ¯vσ
∂
∂zα
and {eα} is a local orthonormal basis of (TM,ω). On the other hand,
by (2.25), one has at the point (z0, [v0], t0),∣∣iu∂VΨ∣∣2Ω = fab¯∂aΨαβ¯∂bΨγτ¯uαuγgτ β¯
=
1
G
(Rg)µσ¯
αβ¯
vσu
α(Rg)δν¯τ γ¯vδu
γgµν¯g
τ β¯
=
dimM∑
α,β=1
|Rg(V, eα, u, eβ)|2 .
(3.8)
Therefore,
(−√−1)T (u, u) =
dimM∑
α,β=1
(
Rg(V, V , eα, eβ)R
g(eβ, eα, u, u)− |Rg(V, eα, u, eβ)|2
)
≥ 0(3.9)
by [3, Page 254, Claim 2.2]. From Proposition 1.8 and Theorem 2.3, we can reprove the
following Mok’s proposition, which is contained in [24, Proposition 1.1] (see also [3, Theorem
5.2.10]).
Proposition 3.3 ([24, Proposition 1.1]). If (M,ω0) is a compact Ka¨hler manifold with nonneg-
ative holomorphic bisectional curvature, then the nonnegativity is preserved along the Ka¨hler-
Ricci flow (3.6).
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